Abstract. In this paper, criteria of strongly extreme points in Musielak-Orlicz spaces endowed with the Orlicz norm are given.
Introduction
It is well known that both strongly extreme points and extreme points are important concepts in Banach Geometry Theory [1, 3, 15] . There are a lot of discussions about the criteria for strongly extreme points and extreme points (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). The criteria for strongly extreme points and extreme points in the classical Orlicz spaces have been given in [5, 8, 12] already. However, because of the complication of Musielak-Orlicz spaces, at present there are only criteria for extreme points which were obtained by A. Kamińska [9] in 1981. But the criteria for strongly extreme points have not been discussed yet. In this paper, by virtue of the local ∆-condition which has been introduced [14] , necessary and sufficient conditions for strongly extreme points in Musielak-Orlicz function spaces equipped with the Orlicz norm were given.
Let (X, · )denote a Banach space, B(X) and S(X) denote the unit ball and the unit sphere of X, respectively. A point x ∈ S(X) is said to be a strongly extreme point if for any x n , y n ∈ X with x n → 1, y n → 1 and M (t, u 0 + ǫ) holds for any ǫ > 0.
We say that M satisfy the ∆[A]-condition (M ∈ ∆[A] for short) if there are a positive constant K > 0, a set C ∈ with µ(C) = 0 and a nonnegative function δ ∈ L(T, , µ) such that the inequality M (t, 2u) ≤ KM (t, u) + δ(t) holds for all t ∈ A \ C and u ∈ R. M is said to satisfy the ∆-condition if A = T . In addition, we denote
and we may assume that u = 0 is not a point of strict convexity of M (t, ·) if e(t) > 0. Let x denote the -measurable real function on (T, , µ). The convex modular of x with respect to M is ρ M (x) = T M (t, x(t)) dt. The linear space x : ρ M x λ < ∞ for some λ > 0 equipped with the Amemiya-Orlicz norm x 0 = inf k > 0 :
is a Banach space, and we call it Musielak-Orlicz function space endowed with the Luxemburg norm, denoted by L M (T ) (see [13] ).
General results
In this section, we present some results relating the criteria for strongly extreme points in Musielak-Orlicz spaces endowed with the Orlicz norm. First, we look at the following lemma:
Proof. We only need to prove that ρ M (x n ) → 0 implies that x n 0 → 0 as n → ∞. Using M ∈ △, for any ε > 0 there exists K > 0 and δ ∈ L 1 (T, Σ, u) such that the inequality M (t, u ε ) ≤ KM (t, u) + δ(t) holds for µ-a.e. t ∈ T and all u ∈ R. By the Fegorov theorem, there exists e 0 ∈ T with µ(e 0 ) < η such that M (t,
when n large enough. Therefore,
This implies that x n 0 < ε when n large enough, i.e., x n 0 → 0 as n → ∞.
is a strongly extreme point if and only if:
Proof. Without loss of generality, we assume x(t) ≥ 0 (a.e. t ∈ T ).
Thus y = z, y + z = 2x, y 0 = T 1 2x(t) B(t) dt = T x(t) B(t) dt = 1, in the same way we have z 0 = 1, this contradicts the fact that x is an extreme point.
If (2) fails, then µ{t ∈ T : kx(t) ∈ (a t , b t )} > 0, where (a t , b t ) is some affine interval of M (t, ·) and there exists ǫ 0 > 0 small enough such that µA > 0, where
Then y = z, y + z = 2x, and
In the same way we get z 0 ≤ 1, this shows that x is not an extreme point.
If the condition (3) fails, then there exists A ⊂ T, 0 < s < 1, such that ξ M (kx| A ) < 1 − s < 1 and M / ∈ ∆(A). There are A n ⊂ A with µA n → 0 as n → ∞, and a sequence {u n } in S(L 0 M ) such that u n = u n χ An and ρ M (u n ) → 0 (see [9] ). Let
Then x n + y n = 2x and x n − y n 0 = 2s k > 0, but
Thus lim n→∞ x n 0 ≤ 1, Similarity we get lim n→∞ y n 0 ≤ 1. Combining these facts with x n + y n = 2x, we have lim n→∞ x n 0 = 1, lim n→∞ y n 0 = 1, this contradicts the fact that x is a strongly extreme point.
Sufficiency. Put x n 0 → 1, y n 0 → 1, x n + y n = 2x, we want to prove x n − y n 0 → 0(n → ∞).
First, we will show that
[1+ρ M (h n y n )] and k = sup n {k n , h n } < ∞ can be assumed. Otherwise, k n → ∞ or K(x n ) = φ, Strongly Extreme Points in Musielak-Orlicz Spaces 227 then we can assume that k n → ∞ satisfies x n 0 > 1 kn
Step1: We will show that k n x n −kx µ → 0 in measure and k n → k as n → ∞. Since
Combining the last conditions with the fact that K(x) is singleton, we get lim n→∞
, where B n = {t ∈ T : |k n x n (t)| > d or |h n y n (t)| > d}. Since kx(t) is a point of strict convexity of M (t, ·) and 0 < 1 1+k
w and |v − w| ≥ ǫ. Thus, there exists δ(t) ∈ (0, 1) satisfying
for n large enough, where C n = t ∈ T :
. Since δ(t) > 0, there exists δ 0 > 0 small enough such that µD < , where E = t ∈ T : M t, kx(t) + ǫ 2(1+k)
Using the condition k n x n − kx
and in the same way h n → k (n → ∞).
Step 2: We will show that k n x n − kx 0 → 0. If µT 0 = µ{t ∈ T : x(t) = 0} > 0, by the condition (3) we know that M ∈ ∆(T 0 ). By the Riesz lemma, we know that k n x n (t) → kx(t) (a.e. t ∈ T ) (choose a subsequence if necessary), combining this fact with
. So in the following discussion, we can assume x(t) > 0 (a.e. t ∈ T ).
If k n x n − kx 0 → 0 (n → ∞) fails, there exists ǫ 0 > 0 satisfying k n x n − kx 0 ≥ 8k 2 ǫ 0 . For any m, choose η m > 0 such that e [M (t, k n x n (t)) + M (t, h n y n (t))] dt < → 1 holds uniformly on T \ G m . Let n m be large enough such that |k nm x nm (t)| < (1 + ǫ 0 )kx(t), |h nm y nm (t)| < (1 + ǫ 0 )kx(t) if t ∈ T \ G m . Put Ω = t ∈ T : ∃m such that |k nm x nm (t)| kx(t) ≥ 1 + ǫ 0 or |k nm x nm (t)| kx(t) ≥ 1 + ǫ 0 . 
